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Abstract. Detailed understanding of the complexities of flow and in biological materials is 

essential for the design, development, and optimization of MRI protocols for medical and bio-

medical applications. However, the design of such processes resort to trial and error, because 

the mathematics and physics of most experimental techniques are fundamentally limited. In this 

study, we develop a new magnetic resonance imaging sequence based on Bloch NMR flow 

equation and Bessel functions for detailed computational and experimental studies to improve 

health care. 
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1 Introduction 

In Magnetic resonance imaging (MRI), an atomic nucleus resonates if exposed to a 

static magnetic field, when a varying electromagnetic field is applied at the proper 

frequency [1, 2]. An Image is computed from the resonance signals of which the fre-

quency and phase (timing) contain spatial information. MRI is important because it is 

noninvasive, safe, and yields information that cannot be obtained with any other tech-

niques. Its most common use by far is in diagnostic medicine but MRI has other ap-

plications, particularly in the oil and food industries [1, 2]. 
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Since the nuclei from different regions of the body can be made to precess at dif-

ferent frequencies (their magneto-resonance frequencies), the electromagnetic energy 

at these frequencies yields signals that are location – dependent. Computer images can 

be calculated, enhanced, and displayed. MRI is safe because only a very tiny amount 

of energy is absorbed or emitted, corresponding to the amount of energy in radio 

waves, to which humans are constantly exposed. MRI does not affect any chemical 

processes. It does not change molecules at all. The atomic nuclei within the molecules 

just report what is happening.  

In the static magnetic field, 0B  the nuclei are primed for a response to a transient 

magnetic field 1B  at their resonance frequency which changes their energy status. 

When the transient field is switched off, the nuclei emit radio waves as they return to 

their steady state condition. These re-radiated signals yield NMR spectra or MR im-

ages. Many different atomic nuclei (those that possess a net nuclear spin) are suscep-

tible to NMR, and a few produce signals that are strong enough for diagnostic MRI. 

The nucleus of the hydrogen atom (a single proton) has the largest gyromagnetic ratio 

and has the highest energy and therefore the largest signal at any given field strength. 

Hydrogen is abundant as an element of water [2]. The human body is about two thirds 

water, so the combination of natural abundance and signal strength determines that 

imaging with the hydrogen nucleus gives the highest possible resolution. Nearly all 

clinical MRI is proton or hydrogen MRI. Other nuclei such as 23Na and 31P are also 

used, although until now primarily in research [2]. For MRI, as opposed to NMR, 

spatial gradients of magnetic field ( G ) are also needed. The gradient G makes the 

field experienced by each nucleus dependent upon its location within an object. For 

example xG is a linear gradient along the x-axis and produces an extra field [2]: 

xG x           (1) 

at the point of x. Together xG ,
yG  and zG determine a unique point (x, y, z) in 

three-dimensional space.  

New MRI methods are invented regularly, each having different advantages and 

disadvantages, depending on the type of image desired. While recent and current 
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practices of MRI in medicine have used techniques to acquire two-dimensional imag-

es, in principle and increasingly in practice, the methodology can be extended to 

three-dimensions or more, the only limitation being the amount of resonance signal 

that can be acquired and the capability of the hardware and software used for image 

formation [2]. MRI techniques are still evolving rapidly, as they are optimized for 

specific applications. 

In this contribution, we have developed the analytical solutions of the Bloch NMR 

equation [3 – 6] into Bessel differential equation in terms of all relevant NMR/MRI 

flow parameters. The solutions of the Bessel equation in terms of the MRI parameters 

make this method unique and significantly useful for computational and experimental 

studies of NMR/MRI for resolving the difficulties usually encountered in previous 

and current MRI studies [3 – 6].  

 

2 Theoretical Formulation 

We study the flow properties of the modified time independent Bloch NMR flow 

equations which describe the dynamics of fluid flow under the influence of RF 

magnetic field as derived in the earlier studies [3 – 6].             
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Subject to the following conditions: 

(i) Mo Mz  a situation which holds good in general and in particular when the RF 

B1(x) field is strong say of the order of 1.0G or more. 

(ii) before entering signal detector coil, fluid particles has magnetization Mx = 0,  

My = 0. 

(iii) if B1(x) is large; B1(x) >> 1G or more so that My of the fluid bolus changes 

appreciably from Mo.  For this investigation, we assumed that the resonance 

condition existed at Larmor frequency: 00  Bf  

(iv) for steady flow, 0




t

M y
. 
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 denotes the gyromagnetic ratio of fluid spins; /2 is the RF excitation frequency; fo/ 

is the off- resonance field in the rotating frame of reference.T1 and T2 are the spin-lattice 

and spin-spin relaxation times respectively, the reciprocals of T1 and T2 are defined as 

relaxation rates. v is the fluid flow velocity and RF B1 (x) is the spatially varying magnet-

ic field defined as: GxxB  )(1       (3) 

In a typical MRI procedure, G is the pulsed gradient applied for the length of time 

t. Substituting for equation (3) in (2) gives:
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Maximum signal is expected when RF B1(x) has the largest magnitude so that the 

equilibrium magnetization Mo is very small (say Mo ≈ 0). Hence, for maximum value of 

My, we can write equation (4) as: 
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where n is the number of pulses, TR is the repetion time,  is the time between two 

pulses and 



TRT
n o                                                                                           (6b)

 
nTR                                                              (6c) 

Equation (5) is a general form of an equation transformable into Bessel equation of 

order β with parameter k. A general solution of equation (5a) is in the form [7, 8]: 

    xYcxJcxxM nn

p

y  21)(        (6d) 

where ,, np  are all constants defined as [7]: 
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Since the transverse magnetization needs to have a finite limit as x tends to zero, 

02 c [7, 8] and 

 xJxcxM p

y 
 1)(                                     (9) 

 

 

 

Fig. 1. Illustration of the flip angle (sec)))(sec()( 11  GGradrad   [t =  = 
oT

  in 

equation (5)] and the corresponding MRI sequence. 
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In equation (5) and (9),   is defined as the time between pulses in the experiment, 

c1 is the initial amplitude of the transverse magnetization My, and the observed signal 

voltage is directly proportional to My. Equation (5) and (9) are new ways of generat-

ing the NMR signal using the Bessel functions. As shown in figure 1, the experiment 

is started with a o90  pulse, following which the magnetic vector My precesses in the 

plane perpendicular to the direction of static magnetic field oB , and free induction 

decay (FID) occurs. The maximum amplitude of the FID is measured to obtain a volt-

age-amplitude fiducial mark for c1. After a delay which is typically of the order of 

10ms [9], a 180o RF pulse is introduced. Following another interval , the magnetic 

spins re cluster and a spin echo voltage signal is observed. The voltage amplitude of 

the spin echo is taken as proportional to My in equation (9) and equation (5) is then 

solved for β. To solve equation (5), the value of G must be known, as well as the gy-

romagnetic ratio   of the specific nuclei under study. Both constants are easily at 

hand, G is measured independently and   may be found in a tabulation of atomic 

constants. The voltage amplitude of the spin echo My is easily computed by solving 

the Bessel equation (equation (5)) of order β and parameter .  

 

3 Analysis of Results 

Tables (1-9) and figures (2-11) are developed based on the following parameters: γ 

= 4.25716 × 107 Hz.T-1 and G = 0.2Tm-1 [1, 9]. 
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Fig. 3. Density plots of transverse magnetization as a function of  location, x (at different value 
ranges) and α for heart muscle at 1.5T based on table 1. 
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Fig. 4. Density plots of transverse magnetization as a function of location, x (at different value 
ranges) and α for liver at 1.5T based on table 1. 
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Fig. 5. Density plots of transverse magnetization as a function of location, x (at different value 
ranges) and α for kidney at 1.5T based on table 1. 
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Fig. 6. Density plots of transverse magnetization as a function of location, x (at different value 
ranges) and α for spleen at 1.5T based on table 1. 
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Fig. 7. Density plots of transverse magnetization as a function of location, x (at different value 
ranges) and α for fatty tissue at 1.5T based on table 1. 
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Fig. 8. Density plots of transverse magnetization as a function of location, x (at different value 
ranges) and α for Grey brain matter at 1.5T based on table 1. 
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Fig. 9. Density plots of transverse magnetization as a function of location, x (at different value 
ranges) and α for White brain matter at 1.5T based on table 1. 
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Fig. 10. Density maps of transverse magnetization as a function of location, x (at different 
value ranges) and T0 for liver at 1.5T ased on tables 2 - 5. 
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Fig. 11. Density maps of transverse magnetization as a function of location, x (at different 
value ranges) and T0 for kidney at 1.5T based on tables 6 – 9.  

 

4 Conclusion  
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the measurement; (iii) the magnetic field gradient pulse with a magnitude and direc-

tion described by G and of duration   is applied; (iv) the 180o pulse is applied; (v) 

the magnetic field gradient pulse is repeated; (vi) the spin echo signal is received at a 

time 2 ; and (vii) a small, steady field gradient exists at all times during the experi-

ment which often has negligible effect, but if necessary a correction factor can be 

added to account for this gradient.  

Basically, the measurement of restricted flow may be carried out by varying (a) the 

magnitude G of the pulsed gradient, (b) the duration   of the pulsed gradient, (c) the 

length of time  between gradient pulses, or (d) any combination of these. These 

variations can be achieved conveniently by solving equation (5) which is Bessel equa-

tion of order β with parameter . Specifically table 1 and figures (2-9) show the com-

putational analyses of skeletal muscle, heart muscle, liver, kidney, spleen, fatty tissue, 

gray brain matter and white brain matter based on the solution of Bessel equation. The 

peak signals are shown for each tissue at different geometrical ranges. In tables (2-9) 

and figures (10-11), the density maps of transverse magnetization as a function of 

location, x (at different value ranges) and T0 for liver and kidney at 1.5T are present-

ed. This demonstrates the ease with which 3D image reconstruction can be achieved.  

The tables show the influence of time  on the NMR signal. For example in human 

kidney at 1.5T, when the relaxations times are mapped to locations x within the range 

0 to 10 × 10-9m as shown in table 9, as time  increases, the transverse magnetization 

decreases. Generally it is observed that the influence of time  on the NMR signal 

depends on the specific tissue being imaged and the value of x.  The advantage of this 

is that computational MRI experiments can be carried out more accurately using Bes-

sel functions and properties. 
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