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Abstract. In this study, the optimal human respiratory control model proposed earlier 
was modified to include the nonlinear respiratory mechanics by replacing the 
resistance with a lumped viscous resistance of the flow through total respiratory 
system, and a resistance of flow which is proportional to the power of flow rate. To 
evaluate the effect of the nonlinear respiratory mechanics in the optimal respiratory 
control, the model was simulated under hypercapnia and eucapnia with CO2 
inhalation and exercise input. The optimized breathing signals, including 
neuromuscular drive, airflow, and lung volume profiles, were demonstrated and the 
ventilatory responses with the optimized breathing patterns were examined. In 
comparison with the simulation result of linear respiratory mechanics, the nonlinear 
model was found to optimize the neuromuscular drive and airflow with ramplike and 
triangular waveform, respectively.  

Keywords: Optimal respiratory control. Breathing signals. Nonlinear mechanics. CO2 
inhalation. Exercise. 
 

1 Introduction 
It has long been observed that the control of breathing pattern is consistent with the 

minimization of some measures of respiratory cost [1,2]. Among those respiratory 
control models developed lately [3-6], possible optimality principle has found to be 
existed in the modeling of the respiratory control [5,6]. Poon [5] suggested that the 
normal ventilatory responses to chemical stimuli, exercise inputs, and mechanical 
loadings are predicted by the minimization of a controller objective function that 
consists of the total chemical and mechanical costs of breathing. The hypothesis was 
later extended to model the integrative control of ventilatory responses and respiratory 
patterns, by expressing respiratory work rate of breathing in terms of the isometric 
respiratory driving pressure [7]. Based on the optimal respiratory control model [6,7], a 
simulation platform implemented under Matlab [8], was later revised using LabVIEW 
[9], to provide a real-time simulation tool for respiratory control, and a signal 
monitoring platform for instantaneous profiles and breathing pattern. 
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 Previously we have demonstrated the optimized instantaneous respiratory pro-
files, ventilatory responses, and breathing patterns during CO2 inhalation, eucapnic 
and hypercapnic exercises by using the optimal chemical-mechanical respiratory con-
trol model with several performance index to mimic the combined cost of breathing 
[7,8]. The effects of respiratory mechanical loadings (resistive and elastic)[9] and 
external dead space loading [10-11] on model behavior were also examined with ex-
perimental findings [12-16]. The mechanical effector system that related the neural 
respiratory output to the resultant mechanical airflow was described by the electrical 
RC model based on a lumped-parameter model proposed by Younes and Riddle 
[13,14]. A set of linear parameters Rrs and Ers [7] were employed to represent the total 
flow-resistive and volume-elastic components, respectively. These include the passive 
resistance and elastance of the lung, chest wall, and airways. 

 Unfortunately, previous experimental or modeling studies on breathing mechan-
ics can provide little information on how they affect the respiratory signals and 
breathing patterns simultaneously under any disturbances in the inhaled and metabolic 
production of CO2. Recently, the needs for a simulation model of respiratory mechan-
ics in biomedical education [17,18], clinical studies [19,20], and respiratory therapy 
of acute patients [21-22] have notably increased. In this paper, we extend an earlier 
model optimal respiratory control to replace the linear RC model with the nonlinear 
model respiratory mechanics employed by Hirayama et al. [5], instead of using an 
inspiratory sinusoidal airflow waveform, we employed a neuro-muscular driving 
pressure with quadratic function in the inspiratory phase and exponential discharge in 
the expiratory phase for optimization. The airflow and lung volume profiles will be 
optimized through a neural mechanical effector with the nonlinear model of respirato-
ry mechanics and the comparative simulation was performed under eucapnia and 
hypercapnia. 
 

 
Fig. 1. The optimal respiratory control model with linear and nonlinear respiratory mechanics 
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2 The Optimal Respiratory Control 

The model of the optimal chemical-mechanical respiratory control and simulation 
prospect of current study are illustrated in Fig. 1. 

2.1 Optimization Indexes 

The optimal controller in the model is driven by both chemical and neuro-mechanical 
feedback signals. In Fig. 1, this is demonstrated by the coupling of chemical cost (JC) 
and mechanical cost (JM), represented by the chemical feedback signal quadratic 
coupler and the work rate logarithmic coupler, respectively. The optimal control output 
is determined by the minimum of J. The mathematical descriptions of the optimization 
indexes have been detailed in earlier reports [8-10] and are outlined below in Eqs. 
(1)~(4): 

J = J! + J! ,                                                                  (1) 

J! = α! ∙ P!"#! − β
!
 ,                                           (2) 

J! = lnW ,                                                              (3) 

W = W! + λ ∙W!

W! = !
!

! ! ∙! !
!!!∙!!!

dt!!
!

W! = !
! P t ∙ V t   dt!

!!

  .                               (4) 

In Eq. (4), the total mechanical index is assumed to be a weighted sum of the 
inspiratory and expiratory indices, with a weighting parameter λ, and where W, W!, 
W!, represent the total respiratory, inspiratory, and expiratory work rate in kg⋅m/sec, 
respectively. Efficiency factors ξ1 and ξ2 account for the effects of respiratory-
mechanical limitation and the decrease in neuro-mechanical efficiency with increasing 
effort. 

2.2 The Waveshape of Neuromuscular Drive 

The neuro-mechanical effector can be described by the electrical analog of modeled 
respiratory mechanics that describes the resistances and elastance of the lung, chest 
wall, and airways. The neuromuscular driving pressure waveform (P(t), cm-H2O) is 
modeled as inspiratory and expiratory phases. The inspiratory pressure is approximated 
by a quadratic function, and the expiratory pressure is represented by an exponential 
discharge function of the form 

P t = a! + a!t + a!t!              0 ≤ t ≤ t!                               (5)  

P t = P t! ∙ e
!!!!
!                               t! ≤ t ≤ t!+t!  .                      (6)  

where the parameters a0 and a1 in Eq. (5) represent, respectively, the net driving pres-
sure and its rate of increase at the onset of the neural inspiratory phase respectively, 
and the parameter a2 describes the shape of the wave; τ denotes the declining rate of 
inspiratory activity, t1 (sec) and t2 (sec) represent the neural inspiratory and expiratory 
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durations, respectively. In Eq. (6), P(t1) is the peak inspiratory pressure (in cm-H2O) 
at the end of inspiration (t1), and τ denotes the rate of decline of inspiratory activity. 
We previously have successfully simulated the optimized neuromuscular drive [7-9] 
with linear breathing mechanics of an RC model under eucapnia and hypercapnia at 
various levels of exercise CO2 output and inhaled CO2. 

2.3 The Gas Exchanger 

The plant of Gas Exchanger in Fig. 1 describes the events of the pulmonary exchange 
subject to the control signal V! (total ventilation, l/min), disturbances in the inhaled and 
metabolic CO2 (PICO2, Torr, V!"! , l/min). The system’s output is the pressures of 
arterial CO2 (PaCO2, Torr). The gas exchanger equation describes the dependence of 
PaCO2 on the total ventilation and other disturbances: 

P!"#! = P!"#! +
!"#∙!!"!

!!
= P!"#! +

!"#∙!!"!
!! !!!!!!

  .                          (7) 

where PaCO2 is assumed to be identical to the mean alveolar PCO2. Equation (8) de-
scribes the steady-state effect of ventilation on PaCO2 subject to any disturbances in the 
inhaled and metabolic production of CO2. To account for the changes in anatomic 
dead space with an airway caliber, the empirical relation [22] of Eq. (8) is employed: 

V! = 0.037 ∙ VC ∙ 1 + !!
!  .                                           (8) 

where VC is the vital capacity (l) and VT is the tidal volume (l), EDS is the imposed 
external dead space (l). In current study, it was aimed to examine the comparison of 
linear and nonlinear respiratory mechanics on the model behavior of the optimal res-
piratory control, the external dead space was set to be nil. Based on the optimized 
pressure profile of Eqs. (5) and (6), for any given respiratory resistance and elastance, 
the breathing patterns, including tidal volume (VT, l), breathing frequency (f, bpm), 
total ventilation (V!, l/min), and alveolar ventilation (V!, l/min) can be obtained. 
 

 
(A)                                                      (B) 

Figure 2. The electric RC model of the neuro-mechanical effector with (A) linear respiratory 
mechanics, and (B) nonlinear respiratory mechanics. 

2.4 The Neuro-mechanical Effector 
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Linear Respiratory Mechanics. Such effector was described by the electrical R-C 
model of Fig. 2(A) based on a lumped-parameter model [13,14] for the relation 
between respiratory neural and mechanical outputs. In this model, the equation of 
motion is given by the following dynamic equation: 

P t = V t ∙ R!" + V(t) ∙ E!"  .                                                                              (9)  

The parameters Rrs (cm-H2O�l-1�s) and Ers (=1/Crs, cm-H2O�l-1) in Eq. (9) represent 
the total flow-resistive and volume-elastic components, respectively. These include 
the passive resistances and elastance of the lung, chest wall, and airways. Thus the 
nonlinear pressure-flow and pressure-volume characteristics are linearized about the 
relaxation pressure. 

Nonlinear Respiratory Mechanics 

We employed the nonlinear respiratory mechanics that were expressed by time in-
variant resistive and elastic component. The system was also expressed using the 
simplest serial RC circuit, but the Rrs in Eq. (9) is replaced by R1 and R2 [5], as illus-
trated in Fig. 2(B). The driving pressure P(t) for the respiratory system was expressed 
as 

P t = V t ∙ R! + V t ! ∙ R! + V(t) ∙ E!"
                    = V t ∙ R! + V t ∙ R! + V(t) ∙ E!"

    .                                        (10)  

where Ers again is the lumped elastance of the total respiratory system, including the 
bronchi to alveoli and thorax. Rl is the lumped viscous resistance of the flow through 
the total respiratory system and R2 is the second kind resistance of the flow that is 
proportional to the power of the rate of flow. Indeed, to be compared with the linear 
mechanics model of Eq. (9), the equivalent Rrs of Eq. (10) can be expressed as 

R!"(!") = R! + V t ∙ R!  .                                                                                  (11) 

The model of the optimal chemical-mechanical respiratory control and simulation 
prospect of current study are illustrated in Fig. 1. 

3 Result and Discussions 
In the resting state, PICO2 is set to be 0% and V!"! is set to be 0.2 (l/min). The eucapnic 
responses were simulated by setting CO2 inhalation to PICO2=1~7%. The system 
response to moderate muscular exercise can be achieved varying V!"! within the range 
of 0.2~1.0 l/min. In our previous study with linear respiratory mechanics on the 
optimal respiratory control model [7-11], the parameters for airway resistance and 
elastance were set at Rrs = 3.02 (cm-H2O⋅l-1⋅s) and Ers = 21.9 (cm-H2O⋅l-1) for normal 
load, respectively. 

The simulations results demonstrate that the linear respiratory mechanics model 
optimized the inspiratory phase of neuromuscular drive (P(t)) with a more convex 
upward shape under increased level of CO2 inhalation (Fig. 3), and with a ramp-like 
shape of increasing rate under increased exercise input (Fig. 4). The nonlinear respira-
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tory mechanics model optimized the inspiratory phase of P(t) with same ramp-like 
fashion in both CO2 inhalation and exercise simulations, but attained higher ampli-
tudes and steeper rising rates compared with the linear model. The airflow profile 
during the inspiratory phase, predicted using the linear model, was rectangular and 
exhibited a nearly constant flow rate during exercise (increased V!"!), but became 
more peaked and convex and then decelerated toward the end of inspiration during 
CO2 inhalation. By comparison with the nonlinear model, the airflow maintained a 
constant flow rate in the resting state but with a triangular profile in both the inspira-
tory and expiratory phases during exercise and CO2 inhalation. The lung-volume pro-
file obtained with the linear model retained a similar ramp-like behavior as the neu-
romuscular drive but with a higher peak (larger VT) and a shorter duration (smaller T) 
during exercise and CO2 inhalation. However, the nonlinear model achieved similar 
concave lung-volume waveshapes in both cases. 

 
Figure 3. The optimal neuromuscular driving pressure (P(t), top), airflow (V t , middle), and 
lung volume (V(t), bottom) with linear (left) and nonlinear (right) respiratory mechanics under 
CO2 inhalation 
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Figure 4. The optimal neuromuscular driving pressure (P(t), top), airflow (V t , middle), and 
lung volume (V(t), bottom) with linear (left) and nonlinear (right) respiratory mechanics under 
exercise inputs 
 

We compared 4 well-recognized ventilatory responses, based on linear and nonlin-
ear respiratory mechanics with increased CO2 and exercise input (Fig. 5). In both 
models, V!- PaCO2 (Fig. 5, upper left) agreed with the hypothesized respiratory re-
sponses in which PaCO2 remains constant during exercise input and rises linearly with 
increased ventilation during CO2 inhalation. The hypercapnic response of the linear 
model was more sensitive to CO2 (the slope of ∆V!/∆PaCO2) than that of the nonlinear 
model. The relationships of V!-F (Fig. 5, upper right) for both models were similarly 
linear within the range where the relationship was linear. Under a fixed level of venti-
lation, the nonlinear model appeared to show higher breathing frequency during CO2 
inhalation and lower frequency during exercise in comparison with those in the linear 
model. The V!-VT relationships (Fig. 5, lower left) were approximately linear in both 
models but with slightly differing slopes. As in the case of V!-F, the V!-VT relation-
ship in the linear model showed a larger gap between the eucapnic and hypercapnic 
simulations than the relationships in the nonlinear model. These results support the 
conclusion that the nonlinear model, unlike the linear model, acquires the intended 
level of ventilation with higher VT and lower F during CO2 inhalation and lower VT 
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and higher F during exercise. Pervious experimental studies [23, 24] have shown that 
the duty cycle tends to vary between 0.4 and 0.6 over the range of ventilation and 
tidal volume level. In the relationships of V! −TI/T (Fig. 5, lower right), the duty cy-
cle of the linear model climbed from a resting value of 0.52 to a maximum of 0.73 at 
the highest ventilation level. However, the nonlinear model predicted the duty cycle 
to range from 0.45 to 0.65 at a low ventilatory level (< 10 L/min) and then to diminish 
to a minimum of approximately 0.2 at higher V! (approximately 25 L/min). 

 
Figure 5. Predicted total ventilation V! vs. arterial CO2 pressure PaCO2 (upper left), breathing 
frequency F (upper right), tidal volume VT (lower left), and duty cycle Ti/T (lower right) during 
CO2 inhalation (PICO2 = 0, 2~7%, ��) and exercise (V!"!  = 0.2~1.0, pr) with linear (�r) and 
nonlinear (�p) respiratory mechanics model. 
 

 
Figure 6. Predicted alveolar ventilation V! versus metabolic CO2 output V!"!  (=0.2~1.0 L/min.) 
during eucapnia (left), and versus arterial CO2 pressure PaCO2 (right) during eucapnia (pr) and 
hypercapnia (��) with linear (�r) and nonlinear (�p) respiratory mechanics model. 
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In Fig. 6 illustrates the predicted responses of alveolar ventilation (V!) of the two 

models to V!"!(=0.2~1.0 L/min.) (Fig. 6, left) and to the resultant arterial CO2 Pres-
sure (PaCO2) (Fig. 6, right) under during eucapnia and hypercapnia. Notably, the 
V! − V!"! relationships were similar in the two models (Fig. 6, left). Whereas the 
relationship of V! −PaCO2 (triangles; Fig. 6, right) in the 2 models varied little during 
eucapnia, the V! attained by the nonlinear model appeared to diminish exponentially 
at higher levels of hypercapnia (PICO2 ≥ 4%). Progressive hypercapnia at higher levels 
of V! was also identified in an experimental sample [25], supporting the conclusion 
that PaCO2 varies inversely (Eq. 7) with the V!/V!"! relationship. 

4 Conclusion 
In the study of the modelling of human respiratory control, the respiratory mechanics 
was often modelled as a lumped parameter R-C circuit for simulation simplification. In 
current study, we utilized the nonlinear system employed by Hirayama et al. [5], in 
which the respiratory mechanics are represented by a lumped elastance of the volume, 
a viscous resistance of the flow through the total respiratory system, and a second kind 
resistance of the flow that is proportional to the power of the rate of flow. However, 
instead of using a sinusoidal inspiratory airflow in the optimization through a six-
nonlinear-term criterion, we applied the nonlinear respiratory mechanics model in the 
optimal chemical-mechanical respiratory control model that is proposed and verified 
[7-11] to obtain the optimal instantaneous respiratory signals and breathing patterns. 
To evaluate the performance of the nonlinear mechanics with the optimal respiratory 
control model, the eucapnia and hypercapnia were simulated with exercise input and 
CO2 inhalation. We demonstrated the optimal respiratory signals, including the 
neuromuscular driving pressure, airflow, and lung volume profile, and examined the 
resultant ventilatory responses with the optimized breathing patterns. 

 In compared with profiles in the linear model, the optimal instantaneous profile 
of P(t) and V(t) of nonlinear respiratory mechanics model resembled a ramp-like 
waveshapes with steeper rising rate (larger a1) and higher peak amplitude (higher A 
and VT)  under both hypercapnic and eucapnic conditions. Instead of resembling an 
inspiratory rectangular waveform during exercise and a descending waveform during 
CO2 inhalation that were attained with linear model, the nonlinear model showed 
triangular airflow waveshapes in both inspiratory and expiratory phases under eucap-
nia and hypercapnia. The inspiratory waveform in the nonlinear model was also un-
like the sinusoidal shape obtained by the linear model and remained triangular. By 
comparing the well-recognized ventilatory responses of V!  vs. PaCO2, V!  vs. F, V!  vs. 
VT, V!  vs. TI/T, V!  vs. V!"!, and V!  vs. PaCO2, we determined that the nonlinear model, 
unlike the linear model, attained the intended level of ventilation with higher VT and 
lower F during CO2 inhalation and lower VT and higher F during exercise. The re-
sponse of V!  vs. PaCO2 with the nonlinear model agreed more strongly than the re-
sponse with the linear model with the experimental sample, in which the alveolar 
ventilation level decreased exponentially with increasing levels of hypercapnia. 
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This study provides a framework for further exploiting the ventilatory control be-
havior of the nonlinear breathing mechanics to optimize respiratory signals and 
breathing patterns. To recognize the effect of using the nonlinear respiratory mechan-
ics in the optimal respiratory control model developed previously, we used the origi-
nal performance indices of Eqs. (1)–(4), which were shown to be effective in earlier 
studies using the linear mechanics model. The mechanical cost of breathing was gen-
erated mainly with the total inspiratory and expiratory work rates. Because a nonline-
ar resistance proportional to the flow rate (Eq. (11)) is used during optimization in the 
nonlinear mechanics model, the inclusion of extra nonlinear terms corresponding to 
the airflow (V t ) or volume acceleration (V t ) may account for the potential cost of 
breathing expended in maintaining the peak flow rate or defending against lung rup-
ture. In accordance with the work of Hirayama et al. [5], a cost function containing a 
set of linear and nonlinear terms could also be applied to the optimal respiratory con-
trol model in future study. However, the time required for computing the optimal 
solution grew tremendously because of the involvement of the nonlinear terms in the 
performance index and in the resultant fourth order Runge-Kutta approximation of 
V t  in each functional evaluation of J. 
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